Abstract. The purpose of this article is to study dominant rational maps from punctual Hilbert schemes of length k ≥ 2 of projective K3 surfaces S containing infinitely many rational curves. Precisely, we prove that their image is necessarily rationally connected if this rational map is not generically finite. As an application, we simplify the proof of C. Voisin's [21] of the fact that symplectic involutions of any projective K3 surface S act trivially on CH 0 (S).
The motivation of the statement of Theorem 1.4 comes from Bloch and Beilinson's ambitious conjecture, whose aim is to understand the still-mysterious relations between Chow groups of a smooth projective variety X and the Hodge structure of its Betti cohomology groups. More precisely, their conjecture predicts the existence of a decreasing filtration F on the torsion-free part of CH
• (X) satisfying F k+1 CH k (S) = 0 such that the graded parts of CH • (X) ⊗ Q is controlled by H • (X) in some sense to be precise. The reader is referred to [19, Partie VII] for a general discussion of Bloch's conjecture and the interplay between Chow groups and Hodge levels of Betti cohomology groups.
For smooth projective surfaces, since CH 2 (S) = Z and CH 1 (S) = Pic(X) are well understood, only the group CH 0 (S) need to be studied in Bloch-Beilinson conjecture. The conjectural decreasing filtration on CH 0 (S) satisfying F k CH 0 (S) = 0 for k > 2 would be:
(i) F 0 CH 0 (S) = CH 0 (S);
(ii) F 1 CH 0 (S) = CH 0 (S) hom , the group of zero-cycles of degree zero modulo rational equivalence;
(iii) F 2 CH 0 (S) = CH 0 (S) alb = Ker (alb S : CH 0 (S) hom → Alb(S)).
The corresponding special case of Bloch-Beilinson conjecture, also known as generalized Bloch conjecture for surfaces is stated as follows:
be a correspondence between a smooth projective variety X and a smooth projective surface S such that the cohomological correspondences
If we take X = S and Γ = ∆ S×S , the graph of the identity map, we get the usual Bloch conjecture. The conjecture is known in this case for surfaces which are not of general type [3] , for Godeaux surfaces, for
Catanese and Barlow surfaces [20] , etc..
Another special case, which is more related to the present article, concerns surfaces S with irregularity q = 0. If we take X = S and Γ = ∆ S×S − Γ f , where Γ f is the graph of a finite order automorphism f : S → S which acts as identity on H 0 (S, Ω
The main construction in Voisin's paper is the factorization
where P (S,H) ( C /C ) is the universal Prym variety associated to complete linear system of curves of genus in the quotient surface S/ı. Our main application of Theorem 1.2 is the following Theorem 1.8. Any smooth projective compactification of P (S,H) ( C /C ) is rationally connected.
In Section 4, we will explain how this theorem gives an alternative proof of Theorem 1.4.
The organization of this paper is as follows. In Section 2, we will recall some well-known facts concerning rationally connected varieties that we need in this article. The proof of the equivalence between Theorem 1.1 and Theorem 1.3, using argument of maximally rationally connected fibration will also be done in Section 2. After proving this equivalence, we will prove Theorem 1.3 in Section 3.
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Remarks on rationally connected varieties
In this section, we first recall the definition of MRC-firations and introduce the main theorem of
Graber-Harris-Starr in [9] . Then we will use them to prove the equivalence between Theorem 1.1 and Theorem 1.3. In the end, we will explain the well-known fact that rational connectedness is an open property, which will be used in the last section.
Recall from [12] that for any variety X, there exists a rational map φ : X B unique up to birational equivalence characterized by the following properties:
(i) general fibers of φ is rationally connected;
(ii) for a general point b ∈ B, any rational curve passing through Remark 2.2. This theorem was latter generalized by Starr and de Jong to varieties defined over an arbitrary algebraically closed field: any proper morphism from a smooth variety to a smooth curve whose general fibers are smooth and separably rationally connected, has a section [5] .
In particular, Theorem 2.1 implies:
Corollary 2.3. [Graber-Harris-Starr] Let : X Z be a maximal rationally connected fibration where X is an irreducible variety, then Z is not uniruled.
Let us recall for completeness the proof of the above corollary.
Proof. After resolving the rational map and singularities of X, we can assume that is a morphism and X is smooth. Suppose that Z were uniruled, then there exists a rational curve C passing through a general point of Z and we can suppose that is dominant on C. Denote by C the normalization of C. Up to replacing X × ZC by its desingularization, the map C : X × ZC →C has a section D by Theorem 2.1, which is also a rational curve. Thus if y ∈ D, the rational curve D passes through y and is not contracted by , which is absurd because : X → Z is an MRC-fibration. To end up this section, the last property we will need about rational connectedness in this article is its openness property:
Lemma 2.6. If f : X → B is a smooth projective morphism, then the set
the other hand, this fiber is connected and rationally connected. As there is no rational curve passing through y, the fiber E x is contracted to y byf . As E x meets D, we conclude thatf 
As this union is finite, we can suppose without loss of generality that the restriction on Next, we show that if S × z is contracted to a curve C z , then C z is necessarily a rational curve. Indeed, let {C i } be the set of rational curves in S and suppose f (C i × z) = p i ∈ C z for all C i . Since there are infinitely many rational curves in S and S is not uniruled, one would have sup i π * p i · D = ∞, which is absurd as
It is an abelian variety carrying a principal polarization and it is easy to see that Prym C/C is also isomorphic to (Kerπ * )
• , where π * is the norm map π * : J( C) → J(C). Since π * is surjective, we deduce that dim Prym C/C = − 1 where is the genus of C by Riemann-Hurwitz formula. (ii) some > 1 such that
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then Im(Γ * ) is finite dimensional in the sense of Roitman [16] , which means that there exists a smooth projective variety V, not necessarily connected, and a correspondence
In particular, if the conclusion of the above result holds for X = Y = S and Γ = ∆ S − Γ ı ∈ CH 2 (S × S) where It is clear that the zero-cycle 0 S ∈ CH 0 (S) introduced in [2] defined as the class of any point sitting in a rational curve in S satisfies condition (i). To see that there exists > 0 such that Γ * (X ) = Γ * (X −1 ), one uses the following construction. Let Σ := S/ı be the (singular) quotient surface of S by the involution ı.
Choose a very ample line bundle H ∈ Pic(Σ) and assume that c 1 (H) 2 = 2 − 2. Since the canonical line bundle K Σ is trivial, the genus of smooth curves in |H| is and h 0 (H) = + 1. Now let s = (s 1 , . . . , s ) ∈ S be a general point and let s = (s 1 , . . . , s ) be its image in Σ , then there exists a unique curve C s in |H| passing through s 1 , . . . , s . Since C s is general in |H|, it is a smooth curve so the inverse image C s ⊂ S is smooth, connected, and is an étale cover of C s , which contains s 1 , . . . , s . One notices that
where C → U ⊂ |H| (resp. C → U) is the universal smooth curve over the Zariski open set U of |H| parametrizing smooth curves (resp. universal family of double coverings over U), P (S,H) ( C /C ) is the corresponding universal Prym varieties over U, and γ S is defined as
Using the above factorization and the fact that Prym varieties of étale double covers of curves of genus are of dimension − 1, she showed that Γ * (X ) = Γ * (X −1 ), which concludes the proof.
4.3.
Moduli space of polarized K3 surfaces with symplectic involution. The main references for this subsection are [15] and [7] . Let S be a K3 surface and ı : S → S be a symplectic involution. The action of ı on S has eight fixed points. If we blow up the eight singularities in the quotient surface Σ = S/ı, we will get another (smooth) K3 surface Σ. The K3 surfaces obtained in this way are called Nikulin surfaces.
Let us denote by E 1 , . . . , E 8 the eight exceptional divisors of Σ, which are all disjoint (−2)-curves. The coarse moduli space of polarized K3 surfaces of genus 2 − 1 with symplectic involution can be described by some parameter space of Nikulin surfaces "of genus " with extra datum. More precisely, it can be described as
This is an irreducible variety of dimension 11. As the divisor H deforms with Σ and h 0 (H) = + 1, we can consider the P -bundle V over M 2 −1 syminv defined by . More precisely, let V sing ⊂ V be the locus where C ∈ |H| is singular. We can define the Jacobian fibration J over U = V \V sing such that the fiber over C ∈ |H| is J( C) where C ⊂ S is the pre-image of C ⊂ S/ı. As the action ı * : J( C) → J( C) extends to ı * : J → J , the universal family of Proof. From the definition of γ S , it suffices to show that there exists Γ ′ ∈ CH 2 (P × S) such that the morphism p : P S ( C /C ) → CH 0 (S) introduced in 4.2 factors through Γ ′ * : CH 0 (P) → CH 0 (S). Let U and C be some smooth projective compactifications of U and C . Let D be the restriction to P S ( C /C ) × U C of the universal Poincaré divisor (unique up to linear equivalence) in J × U C . We may assume that the morphism P S ( C /C ) → U extends to a morphism P → U and we denote by D the closure of D in P × U C . The inclusions of each fiber of C → U in S define a map P S ( C /C ) × U C → P S ( C /C ) × S, hence a rational map φ : P × U C P × S. Let
be a resolution of φ and set Γ ′ = r * q * D. Since the Chow groups of 0-cycles are invariant by birational modification, the induced correspondence Γ ′ * : CH 0 (P) → CH 0 (S) is independent of choice of all compactifications appeared in the proof and resolutions of φ, which gives a factorization of
